Abstract. We provide an example of a 6-by-6 matrix A such that rk t (A) = 4, rk K (A) = 5. This answers a question asked
Introduction
We work over the tropical semiring (R, ⊕, ⊗) whose operations are a ⊕ b = min{a, b}, a ⊗ b = a + b.
We consider tropical matrices, i.e. matrices over the tropical semiring. There exist many different ways to define the rank of a tropical matrix, see [1, 4] . We deal with the notions of tropical rank and Kapranov rank, see also [3, 5] . Definition 1.1. We define the permanent of a tropical matrix S ∈ R n×n as
The matrix S is called tropically singular if the minimum in (1.1) is attained at least twice. Otherwise, S is called tropically nonsingular.
The tropical rank of a matrix M ∈ R p×q is the largest integer r such that M has a tropically non-singular r-by-r submatrix. We denote the tropical rank of M by rk t (M).
Let K denote the field whose elements are formal sums
Let deg : K * → R be a natural valuation sending a(t) to the least of the exponents α i , i.e. deg(a) = min n:an =0 {α n }. By definition, assume deg(0) = ∞. We say that B ∈ K m×n is a lift of T ∈ R m×n if deg(b ij ) = t ij for any i, j. The notion of the Kapranov rank of a matrix can be defined in the following way, see [4, Corollary 3.4] .
We define the Kapranov rank of M as
where the minimum is taken over all lifts of M. The expression rank(K M ) means the usual rank of a matrix K M over the field K.
The notion of Kapranov rank was deeply investigated in [3, 4, 5] . Develin, Santos, and Sturmfels in [4] show that rk K (M) rk t (M) for every matrix M. The following theorem points out the connection with matroids. Kim and Roush in [5] mostly deal with algorithmical aspects of the Kapranov rank. They prove that determining Kapranov rank of tropical matrices is NP-hard. Also, in [5] it was shown that there exist matrices of tropical rank 3 and arbitrarily high Kapranov rank.
The following theorem was proven in [3] .
Chan, Jensen, and Rubei in [3] point out the connection with the notion of tropical basis. They ask the following question. Also, in [3] it was asked whether there exists a 6-by-6 matrix with different tropical and Kapranov ranks. We answer this question by providing an example of a 6-by-6 matrix with tropical rank 4 and Kapranov rank 5. Now let us take into account the equivalence given in Question 1.7. Our example shows that the 5-by-5 minors of a 6-by-6 matrix are not a tropical basis. Thus we disprove Conjecture 1.8.
Additionally, we note that the difference between the tropical and Kapranov ranks of our matrix does not have a matroidal nature. Indeed, matroids with at most 6 elements are all representable over C, see [2] . The minimum in the expression for its permanent is given by the only permutation (23) ∈ S 4 . Thus by Definition 1.3, rk t (A) = 4.
The Example
2. Let us consider the matrix
